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Abstract. The conjugate gradient and Quasi-Newton methods have advantages and drawbacks, as
although quasi-Newton algorithm has more rapid convergence than conjugate gradient, they require
more storage compared to conjugate gradient algorithms. In 1976, Buckley designed a method that
combines the CG method with QN updates, which is better than that observed for conjugate gradient
algorithms but not as good as the quasi-Newton approach. This type of method is called the pre-
conditioned conjugate gradient (PCG) method. In this paper, we introduce two new preconditioned
conjugate gradient (PCG) methods that combine conjugate gradient with a new update of quasi-
Newton methods. The new quasi-Newton method satisfied the positive define, and the direction of
the new preconditioned conjugate gradient is descent direction. In numerical results, it is showing
the new preconditioned conjugate gradient method is more effective on several high-dimension test

problems than standard preconditioning.

1. Introduction

There are many types of numerical methods to find an optimum or near-optimum solution to one or
more dimensional unconstrained optimization problems, which include the cubic interpolation, golden
ratio gradient descent method, the Newton and quasi-Newton methods. The most widely used for
solving large-scale problems in fields such as technology, sciences, and economics is the quasi- Newton
(QN) or variable metric (VM) [4], methods because of its effectiveness and stability.

Consider the unconstrained minimization problem as follows:
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min{f(x) : x € R"}, (1.1)

where f(x) is twice continuously differentiable function over R", the essential idea of quasi-Newton
methods is to use an approximation of the inverse Hessian, and build up an approximation of the
inverse Hessian is often used information about the gradient Vf(xx) from some or all of the previous
iterates xx. Quasi-Newton methods, instead of the true inverse Hessian, are observed as the most
complicated for solving(1.1). Earliest quasi- Newton method was proposed by William C. Davidon in
1959 [3] and later developed by Fletcher and Powell (1963) [6].The updating formula of this method
generates a symmetric positive matrix of the form Hyy1 = Hix + Q , where Q is a correction matrix.
Then a general quasi-Newton method is started with an initial point xg a first approximation of the
minimum point, and a matrix Hg (usually Hg =/ ,I is a symmetric positive definite matrix), solving

the following linear equation to compute search direction
dx + Hk19x =0 (1.2)

and find the next point xx41 by searching along a decent direction dx such that dkTgk < 0, using the

following equation:
X1 = Xk + Qi di. (1.3)

To find the step length aj, must apply an appropriate line search strategy along the search direction

dk , such that the following Wolfe—Powell [10] conditions are satisfied:

f(Xk + Otkdk) — f(Xk) < Clakadek, (1.4)

VF(x + axdi) de > o VF] dy, (1.5)

with 0 < ¢1 < ¢ < 1. Select a new symmetric positive definite matrix Hg41 which satisfy the

following original quasi-Newton equation, [5]

Hys1yx = vk (1.6)

Xk and Xxy1 two points are given; describe gx = VI (xx) and gxkyr1 = VI(Xk+1) , SO Vk = Xkr1—Xk
and yx = gk+1 — k-

Quasi-Newton methods use the correction matrix Qx rank one or rank two matrix. In each update,
the iterate matrix Hx41 = Hyg41+ Qk ,should satisfy the quasi-Newton condition (1.6) Now substitute
the correction matrix by

Qu = auu” + bww', (1.7)

where a andbare scalars while vand w are vectors.

T

The quantities auu” and bww' are symmetric matrices; when b = 0 quasi-Newton methods are

using rank-one updates, but if b # 0 then quasi-Newton methods are using rank two updates.
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The general type of QN updates which was proposed by Broyden [4] and satisfy the ordinary quasi-

Newton equation is:

Heyiyd He vk Vk

Hicr1 = Hic = + Hiyk)RkRE 1.8

k+1 = Mk VT Hie Ty or(vi Heyi) RRE (1.8)
where Ry = —vi — —Hie and oy = ¢ (6x) = 5ok with §x Hk)’k and v Hivi
k= V;Z—yk Y;Z—Hk)’k ! L A 1+9k5kﬂk Vk Wi = V;Z—J/k .

Several well known updates Hy. 1 defined in (1.8) by choosing dlfFerent values of 0:- when;

_ VkTJ/k ; _ .
Ok = Tl e we get the symmetric rank-one formula(SR1):

(Vik — Hiyi) (v — Hiyve) "

HERY = Hy + (1.9)
(vk — Hiyi) vk
For 8, = 1, we get the DFP formula due to Davidon, Fletcher, and Powell.
H I'H Vv,
HPFP = Hy — 0k T | Bl (1.10)
Vi Hiyk Vi Yk
For 8 = 0, we get the BFGS formula due to Broyden, Fletcher, Goldfard, and Shanno.
TH T Heyv! + vyl H
HE—(-::LGS _ Hk+(1+yKTkyk ViV FkYkVi kY k (1.11)

Vivie vl i Vi Hiyk
In the next section, we propose a modified BFGS method and study the properties of it. we present
a new update of Hy41 which satisfy the quasi-Newton condition.

2. A Modified BFGS Method (MBFGS)

In this section, a new class of quasi Newton updates for solving unconstrained non linear optimization

problems is proposed. The idea of new updates is using the Powell equation [10] which is define as:
Yk = (1 —0)Gvk + Oyx (2.1)

Where G is a hessian matrix which is a symmetric matrix of second partial derivatives of function and

6 in(0,1). Now, we suppose that

Yk
GVk = —. 2.2
) (2.2)
Let, p = H\Vq(l + |[Xk+1]]), w is a machine accuracy, and ||.|| > 0 is the Euclidean norm of vectors.
so, we obtain
Yk
Vi = | vicll : (2.3)
2v/w(1 + [[xe+)
We replace Gvi in (2.1) by (2.3), and getting the following
Vi = (1= 0) (IIvill =) + O (2.4)
2v/w(1 + [1Xet)

For the new updated , we have investigated a new expression for the QN-condition via yx put in (1.6)

instead of y, , and get
Hi+1Yie = vk. (2.5)
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A more flexible is gotten when the correction matrix Qis a rank two , hence the formula Hyy1 =
Hi + Q can be written as,

His1 = Hi + auu” + bww'. (2.6)
In 1970, Broyden, Fletcher, Goldfarb, and Shanno suggested an alternative method called the BFGS
method, which is the most popular type of symmetric rank-two method for large-scale optimization

and belongs to a group of quasi-Newton methods, It is a local search method. Now, we can drive a
modified of H,'f’ifsdepend on (2.5) to get H,’(V_’ﬁFGS multiplying (2.6) by yx to obtain

His1Vk = Hiyi + auu™ y + bww 'y (2.7)

The vectors u and v are no longer uniquely determined. In view of (2.7), it is adequate choose, u = vi

and w = Hyy,. Then we obtain

Hict1Yk = Hiyk + avievid Vi + bHkVk (Hieyi) T v, (2.8)

which implies, if au” y, = 1 and bw' y, = —1, thus determine a and b such that a = ﬁ = .5 and
k

b = <t~ Substituting the value of a, b, u and v to the updating formula (2.8), thus we get a new

Vi Hiyk
updated of QN-method is H}I5FCS

~ ~ ~ T ~T
HMBFGS _ 1y 4 |14 ykTHkYk VkaT B Hyykv, + VkY Hy (2.9)
k+1 - k T~ T~ ~7—H ~ . .
Vie Y 1 Vi Yk Y FkYk
We can rewrite (2.9) as
il ~ T T
773% YkV, VgV
HMBFGS:|:/_~k:|Hk|:/_~k:|_|_ k- (2.10)
o Y/z— Vik y/Z—Vk V/Z—yk

3. Algorithm of Modified BFGS

e Step 0: Start with initial point of solution xp € R", k =0, set € > 0, n € Z,and select a real
symmetric positive definiteHg =/, | is an n x n identity matrix.

e Step 1: Test if ||gk|| < € then stop, else dx = —Hxgx = —HxVf(xx) and go to step (2)

e Step 2: Using line search procedure to determine the size step o = argminf (xx + axdy)
such that rules (1.4) and (1.5) are satisfied

e Step 3: Calculate xx11 = xx + qxd.

e Step 4: check , if ||gkt1]| < € then stop and xx41 is optimal point.otherwise calculate
dk+1 = —Hk+19k+1, Hiy1 is defined in (2.10) and go to step (5).

e Step 5: set k = k+ 1. and go to step 1.

4. Hereditary Property and Positive Definiteness of The MBFGS-Method

In this section, we prove that the new modification of BFGS is satisfied both properties the hereditary

Property (secant condition ) and preserves positive definite Hx1 matrices.
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Theorem 4.1. If the new method is applied to minimize a quadratic function with positive definite
Hessian G = G', then the (1.6) is hold i.e HMEFCSy, = v, for all 0 < k.

Proof. Multiply both sides of (2.10) by yx from right , so we have

ST
VY, YkV, VkV

HYPF®® i —([ yTka] Hi [/—y Vﬂ i yk) . (4.1)
k k k

by using a basic algebraic operations we found the (4.1) becomes in following form:

- Hiyk VkTY kak FHive iyl Hiyvil e viey] -

HEF S5 = Hiky — —= ~ P (4.2)
* Vi vk Vi vk (] vi)? V] Vi
It is knowing that the v[yk is scalar and )7;Z—Vk = v[yk, so (4.2) becomes
HMEFCS Y = v (4.3)
[l

Theorem 4.2. We first demonstrate that if HQ/’ BFGS s positive definite, then H,’(\/_’EIF GS s also positive

definite.

Proof. To ensure positive-definiteness ofHMBlFGS assumingH,’yBFGS is positive definite. Typically the

algorithm starts with H(’)WBFGS = /| or a similar diagonal positive-definite matrix. We only need to

check that WTH,’(WﬁFGSW >0, for any w # 0 andw € R", we have

T =T
v v vy,
wT HMBFGS W = WT(|:/ ~kTyk ] H [/ — {ka } + Lk w (4.4)
Y Vk Yie Vk Vk 7
oT =T T
v, v v
wlHYETSS w=wT [/ - ~kTyk } Hx [/ - {kT 5 ] w+w’ kaf w. (4.5)
Y Vk Yie Vk Vie Yk

Let zx = w(l — "yk ) and zx # 0, so rewrite (4.5) as:
k

(w’ Vk)z'

Vk Yk

wl HMBFCS w = 2T Hyz + (4.6)

It is clear the first term of (4.6) z" Hxz > 0, because H, is positive defined. The second %
k

(wTvk)2 > 0, now we need to prove v/ yx > 0, whenever

3=l (=) (Il ey ) + O (4.7)
Let&z <%), and £ > 0.
So,
vl Vi = vi (1= 0)(Eyk + Oyk)) (4.8)

Suppose = (1 —0)(§ +0), u > 0, therefore

Vi Tk = (v v), (4.9)
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Vi Vi = (v} g1 — Vi k). (4.10)

In case of, exact line search then we have vang = 0, and vagk = —ocngHkgk, then (4.10)
becomes

Ve Vi = botkgy Higi. (4.11)

Since Hj is positive, means gZHkgk > 0. There fore (4.11) is positive. In case, inexact line search,

V! gkt1 # 0, we rewrite(4.10) as:
v Vi = v yie = poued [ yie. (4.12)

Noteworthy that, from second Wolf’'s condition we get, dkTyk = dkT(ng—gk) >( - 1)dkTgk
and (& —1) dkTgk >0, so dkTyk > 0, it is clear uax > 0, thus, we see va)7k > 0. Since

wlHMEFGSw > 0 w #£ 0, (4.13)
therefor, HﬂBlFGS is positive definite. O

Theorem 4.3. Let xx1 anddyy, are two sequences generated by new algorithm 3, with line search

under Wolf's conditions (1.4) and (1.5), then the new direction dy.1 is satisfied the sufficient descent

condition.
dii19k+1 < 0. (4.14)
Proof. Form (1.2) and(2.10) we have,
dk+1 = —Hi+19%+1, (4.15)
vil =T T
{MBFGS _ {/ _ Yk ] Hy [/ _ L } 4 ke (4.16)
et VT vi Vvl vk
Multiply both sides of (4.15) by g/,
~T ST T
g dk 1= —g (|:/—~:| Hk [/—~ :| +7~)gk 1- (4.17)
R ot ykTVk ykTVk VkTJ/k "
It is clear HMBIFGSis positive defined and gx1is a vector, therefore
Ges1(His1)gks1 > 0. (4.18)
This implies
di19k11 < 0. (4.19)



Int. J. Anal. Appl. (2023), 21:31 7

5. New Preconditioned Conjugate Gradient PCG-Method

The Conjugate Gradient (CG) method is a attractive method for minimizing a large unconstrained
nonlinear problems, because it is using the first derivative information to generate search directions, and
the QN- method faster than CG- method but need more area computer store for the reason that the
QN- methods generated a symmetric positive defined matrix in each iteration which needed a (n(n+
1)/2) location of store. So in 1978, Buckley suggested a method combining the conjugate gradient
with QN-method called (PCG-method )the aim of this suggestion is accelerating the convergence of
conjugate gradient and reduce amount of storage in QN-method. The idea of PCG-method is based
on combining by using the matrix of QN in the conjugate gradient algorithm which is corresponding

to solve a problem in the transformed space.

5.1. A New PCG Method: let HM_BIFGS is a preconditioned matrix and it is a symmetric positive

definite, by using Cholesky decomposition of HM_%FGS, i.e there exists a lower triangular matrix L such

that HMEFGS = [LT. Assume f(x) be a strictly convex quadratic function and f(x) can be written

as:
1
f(x) = EXTGX-i-XTb—i-C, (5.1)
such that, gradient of f(x) is
Vf(x)=g(x) = Gx+ b, (5.2)
~ 1 ~ ~ ~
f(Lz) = 5(Lz)TG(Lz) +(Lz)"b+c. (5.3)
Let f(Lz) = h(z), so,
1 ~ ~ ~
h(z) = 5(Lz)TG(Lz) +(L2)Th+c. (5.4)
The first derivative of h(z) is
Vh(z)=LzTGLz+ L"b, (5.5)
Vh(z)=LT(GLz + b), (5.6)
g =LTg~ (5.7)
Now, we set
Zk+1 = Zk + ok df. (5.8)

Multiplication both sides of (5.8) by L, we get

ZZkJr]_ = ZZk + OLkZd/f. (59)



8 Int. J. Anal. Appl. (2023), 21:31

We have x = Lz , so (5.9) becomes:
Xep1 = Xk + o L. (5.10)

From(5.10), we noted Ld? = df, since dZ = L~ 1dy.
Set

vi =gt — g, (5.11)

where, y,f“ and yf are the gradients of h(z) at points zx41 and zc respectively, since from (5.7),

(5.11) becomes as follows:
vi=LTgitt =17 (5.12)

Now consider applying the modification of Parry conjugate gradient method 3
[9], to the objective function h(z),

MPrrey _ ngH(yk—Vk)
k dl yi

T ~
Genr V% — Vi) .

V4 _ Z
iy1 = =9k + 47 di. (5.13)

Using (5.7), (5.11) and (5.12) in (5.13) and multiply by L, we get:

LLYdy = —LL g8, + ad LLtdy, (5.14)
gy~
T UMBFGS (Tx X
Frpr M 7 — V)
A, = —HMBFGSgx | Tkt +deyX dy. (5.15)
k

(5.15) is our preconditioned conjugate method which is require less storage and computation time

and has a quadratic termination property.

5.2. Algorithm of the New PCG-Method.

e Step 0: let Kk =0, xg in R™ is an initial point of solution, set € > 0, n € Z,and select a real
symmetric positive definite matrix Ho =/, | is an n x n identity matrix and w is accuracy of
computer.

e Step 1: test a criterion for stopping, if ||gk|| < € then stop else go to step 2.

e Step 2: dix = —H(Vf(xx) = —Hkgk and continuous.

e Step 3:using line search procedure to determine the size stepo , ax = argminf (xx + axdy)
such that rules (1.4) and (1.5) are satisfied.

e Step 4: calculate xx11 = xx + axdk,and go to next step.

e Step 5: check, if ||gkr1|| < € then stop and xx41 is optimal point, otherwise calculate
Vi = Xkt1 = Xk, Yk = k1~ gk and find y by y = (1-6) [lvill 5575 T0v - 6 € (0. 1),
w is error of machine and go.

- MBFGS 9 HYEFC® =) MBFGS -
e Step 6: find dkr1 = —H 5" "7 gks1 + 5 dx, and H’5 is defined as
k
VT H. 7, T T v
Hieyk | kv, Hi kv +viy, Hk
HMBFGS — H [1 yk~] ko —k "% 7K then go to step (7).
k41 kL vy 1 vl VI Hiyk 9 P (7)
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e Step 7: If g/ 1 gky1 < —0.8d/, 1 gk+1, then go to step 2.
else k = k+ 1 and go to step 3.

Theorem 5.1. et the sequences of x, and dy are generated by algorithm of the New PCG-Method

5.2 then the descent property of a new PCG- method is descent condition:
di 19k < 0. (5.16)
Proof. We prove by induction, at k =0, dyp = —Hopgo, so we have
dg 9o < —9g Hogo, (5.17)

where Ho =1, go # 0, and —gOTHogo < 0.
Now we assume that the conclusion (5.16) holds for k > 0, means, g/ dx <y lgkl|?, need to prove
it is true at k + 1.

Let
T MBFGS
91 H Ykk — Vk
diss = —HMBFGS g ¢ Jher1 k] (Vi ) . (5.18)
dk Yk
Multiply both sides of (5.18) by gxi1 we get,
I HYEFC2 (T — vi)
di19k1 = =i Hier O gke1 + Il Jetl Al Git1. (5.19)
dk )/k
Thus,
MBFGS T MBFGS
g (Yk) 91 H (vk)
di 191 = — 941 HEE 2 grqn + kil ﬁﬁlk df g1 — ZJ}l~ di gk+1. (5.20)
kY kY
We notice that if we use an exact line search then, we have d/ gi11 = 0 and also HMEFCS is

positive symmetric definite from theorem 4.2, g, HYEFC® g, 1 > 0 for all, gky1 # 0, therefore

dl,19k+1 < 0. In case inexact line search d/ gx41 # 0, from (5.19) , we get

T MBFGS
I Hi Vi
A 19k +1 = — = d;} df grs1, (5.21)

y=Q=0) vl 55 +
We need to show d]y > 0, means d]y = d] (1 —0) ||v| m + 0yx) > 0. It is noted
that the d yi = dJ (gk+1 — 9k) > (82 — 1)d] gk .d] v = ||d||°ck, and 6 € (0, 1)

T B gl HYEFGS gieyr |l dicll? e & 5o
k+19k+1 = — a7 (5.22)
kY
MBFGS 2
Let 7 = et T3 geralldll™on e see 1 is positive, then (5.22) becomes:
kY
d/Z—+19k+1 <0. (5.23)
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6. Numerical Experiments and Discussions

It is clearly that the theoretical evidence is not sufficient to demonstrate the effectiveness or ro-
bustness of any iterative methods. Therefore, researchers turn to study the numerical results of
methods by evaluate the performance method on a group of test problems and evaluation the number
of iterations or Computation time (CPU-time).

In this section, we present the results of numerical experiments for our new suggestion to solve
different nonlinear test problems of large size. In practice, the construction sequence of preconditions
is based on well-known suggestion method modified BFGS techniques in order to keep under control
the amount of memory. We use FORTRAN95 LANGUAGE to write all codes and the run is stopping
when this inequality ||gks1]] < 107° is satisfied. For compare, we used the well-known nonlinear
problems with dimension ranging between 4 to 5000, [1]. All algorithms use exactly the same method
(cubic fit method ) to find the step length ay the same implementation of the Wolfe line search
conditions (1.4) and (1.5) with ¢; = 0.001 andc, = 0.1.

According to the Tablel, it is not difficult to show that the performance of new PCG -method is
better than stander PCG method when using Hestain and Stiefen formula (8" = %) [12], and
the restart g/, ;gk+1 < —0.8d/ 1 gr1.

Table 2 results illustrating the behavior of new PCG -method and standard PCG methods when taken
perry 91 (Vk—vi)
k o dl vk

restart |g[+1gk| > 0.29,(T+1gk+1, for more analyse of the numerical result we use performance profile

the Perry suggestion 3 )for coefficient of conjugate gradient method [9] under the
proposed by Dolan and More [14].

According to the rule of this performance profile, we describe the performance curves based on
Table 1 and Table 2 as in Figures 1-4. Based on the four figures, we see that the new PCG method

is superior to the standard PCG method under the unconstrained problems in Tables 1 and 2.
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Table 1. Comparing performance of B> — BFGS and B'° — MBFGS

[3,’(”5 — BFGS B,C’S — MBFGS
Test Function N NOI-NOF NOI-NOF
4 21-86 20-72
100 67-179 39-109
Powell 500 48-142 44-121
(-3,-1,0,1;...) 1000 47-142 45-126
3000 51-144 37-123
5000 40-119 40-119
4 25-87 18-68
100 31-99 18-71
Miele 500 31-103 22-86
(1,2,2,2;...) 1000 38-117 23-88
3000 34-106 23-91
5000 35-104 29-89
4 36-269 12-79
100 42-341 23-167
Cantral 500 48-416 36-311
(1,2,2,2;...) 1000 51-451 26-217
3000 55-506 41-404
5000 57-532 32-281
4 7-18 8-17
100 72-145 58-117
Wolf 500 82-165 63-127
(-1;..) 1000 96-194 66-133
3000 181-388 108-227
5000 182-382 107-236
4 19-58 18-52
100 70-167 36-91
cubic 500 53-124 42-101
(-1.2,1;...) 1000 71-167 48-112
3000 71-168 49-177
5000 67-163 55-127
4 24-73 23-61
100 74-177 56-134
NON-DIAGONAL | 500 82-205 63-153
(-1;..) 1000 85-218 61-147
3000 111-335 69-174
5000 100-275 77-194
4 8-26 8-24
100 8-26 8-24
Shallow 500 8-26 8-25
(-2,-2;...) 1000 8-26 8-25
3000 9-28 10-29
5000 10-30 10-29
4 32-92 34-85
100 235-6827 220-538
Rosen 500 578-1537 462-1133
(-1.2,1;...) 1000 864-2150 T47-2014
3000 1061-2667 910-2434
5000 1428-3577 891-2357
4 9-22 9-22
100 10-25 10-25
Beal 500 10-25 10-25
(0,0;..) 1000 10-25 10-25
3000 10-25 10-25
5000 10-25 10-25
4 9-24 9-23
100 218-537 209-495
Dixon 500 210-509 193-541
(-1;..) 1000 199-490 225-541
3000 252-590 195-461
5000 204-529 175-423
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Table 2. Comparing performance profiles of {ﬁk

Perry _ \MBFGS} and {B
B — BFGS | B)*""Y — MBFGS
Test Function N NOI-NOF NOI-NOF
4 124-294 36-102
100 529-1152 40-121
Powell 500 119-285 40-121
(-3,-1,0,1;...) 1000 289-1684 40-121
3000 152-379 40-121
5000 150-381 40-121
4 36-1515 19-85
100 274-2216 23-137
Cantral 500 365-2657 24-152
(1,2,2,2;...) 1000 564-2854 24-152
3000 610-3200 28-213
5000 330-3350 32-281
4 14-59 8-45
100 157-519 52-190
OSP 500 417-1170 115-352
(-1:..) 1000 523-1421 174-532
3000 1006-2692 303-965
5000 1356-3637 380-1221
4 26-61 22-91
100 26-61 23-55
Wood 500 36-81 23-55
(-3,-1,-3,-1;...) 1000 36-81 23-55
3000 36-81 23-55
5000 36-81 23-55
4 31-80 30-75
100 47-113 44-107
NON-DIAGONAL 500 49-119 49-112
(-1;...) 1000 50-122 61-120
3000 50-122 49-119
5000 50-122 50-120
4 39-104 39-102
100 41-109 39-104
Rosen 500 38-103 38-103
(-1;...) 1000 39-105 38-103
3000 40-105 38-105
5000 40-104 40-103
4 3-11 3-11
100 20-107 14-81
Sum 500 19- 92 21-115
(2:..) 1000 31-172 23-117
3000 63-351 32-179
5000 79-425 42-222
4 22-60 14-46
100 29-76 16-51
cubic 500 29-75 22-62
(-1.2,1;...) 1000 31-82 22-64
3000 20-74 24-68
5000 32-83 24-69
4 5-14 5-14
100 6-16 6-16
Edger 500 6-16 6-16
(-1;..) 1000 6-16 6-16
3000 6-16 6-16
5000 6-16 6-16

perry
k

BFGS}
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7. Conclusion

The nonlinear quasi-Newton method is widely used in unconstrained optimization. In this paper, we
suggest new updates to the quasi-Newton method for solving unconstrained optimization problems.
We use this new quasi-Newton to introduce the new PCG method. The analysis and implementation
of the descent property with the Wolfe line search of the modified method are studied. The numerical
results show that the proposed formula for the combined quasi-Newton conjugate gradient method is
very encouraging for general, unconstrained optimizations.
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