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SOME DISCUSSIONS ON A KIND OF IMPROPER INTEGRALS

FENG QI}2:3* AND VIERA CERNANOVA4

ABSTRACT. In the paper, the improper integral
b A
1 In™ ¢
I(a,b; \,n) =/ - Ty
a (t—a)b—1t) t"

for b > a > 0 and A\,n € R is discussed, some explicit formulas for special cases of I(a,b;\,n) are
presented, and several identities of I(a, b; k,n) for k € N are established.

1. MOTIVATION

The motivation of this paper origins from investigating central Delanoy numbers in [11]. For proving
the main result [11, Theorem 1.4], we need [11, Lemmas 2.4 and 2.5]. Lemma 2.4 in [11] states that,

for b d —00, —al, the principal b h of the function ——21— b ted
or b>a and z € C\ (—o0, —a], the principal branch of the function =T can be represente

as
1

1 1 b 1
(Z+a)(2+b)z7f/a DI e (1.1)

where C denotes the complex plane. When taking z = 0, the integral representation (1.1) becomes

1
Sdt=——, b>a>0. (1.2)

b 1
/a V(t—a)b—1t) 1t Vab’

Lemma 2.5 in [11] reads that the improper integral

a 1 1n2k—1 4 <0, B>3
/ — =3 dt¢=0, B=1 (1.3)
170 V= T/a)(@—1) S0 p<t

for all k € N, where a > 1 and 8 € R.
Motivated by the above results, we naturally introduce the improper integral

b 1 In* ¢
e VT ab-D
_/1 1 InM(b—a)s + a
o Vs(1—s) [(b—a)s+d]

for b > a > 0 and A,n € R and consider a problem: how to compute the improper integral I(a, b; A,n)?

I(a,b;\,n) =

2. EXPLICIT FORMULAS FOR SPECIAL CASES OF I(a,b; A, n)

In this section, we present several explicit formulas for special cases of the improper integral
I(a,b; A, n).

In the monograph [4], we do not find such a kind of integrals I(a,b; \,n) for general b > a > 0 and
AneR
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2.1. From (1.1) or (1.2), it follows that

I(a,b;0,1) =

, b>a>0. (2.1)

S
S

2.2. From (1.3), it follows that

I<a71;2k—1,;)—0, 0<a<l1l, kéeN.
a

2.3. It is straightforward by using Euler’s substitution that

I(a,b;0,0 ds=m, b>a>0.

1
1
Sy
0o Vs(l—ys)
2.4. When A =0, 7 #0, and 2a > b > a > 0, we have

=g [

1 1 B o b 585—1/2
=— [ (1—59) 1/ZZ<—n>e(a - 1) ——ds

_ alng <*£7!7>e <2 _ 1>EA1(1 L2
. 15‘3 e (2 1)%(;,“;)
S URLNCSLLIRO

™ 1 b
= — F —1:1 - =
an2 1(77a27 ) (1)7

where
n—1
z(z—1)---(x—n+1), n>1
(@hn = (l‘—k‘)Z{
]];[0 17 n=>0
and
-1
B CJzz+)(z+2)- - (x+0-1), £>1
(I)e—klilo(IJrk)—{L =0

are respectively called the falling and rising factorials of z € R, the function B(z,y) denotes the
classical beta function, and o F} are the classical hypergeometric functions which are special cases of
the generalized hypergeometric series

oo n

(Cl )n(a )nz
qu(al,...,ap;bl,...,bq;z):Z(bi)i(bp)ﬁ
neoe(bg)n !

for complex numbers a; € C and b; € C\ {0,—1,—2,...} and for positive integers p, ¢ € N. This result

n=0

1 b
I(a,b;O,n)=;2F1(77,2;1;1—a), n#0, 2a>b>a>0

can also be found in [3, p. xv, eq. (12)].
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2.5. When A = k € N and 2a > b > a > 0, the function In*[(b — a)s + a] can be rewritten as

n*[(b—a)s +a] = (lna—i—ln[l—i— (2 - 1)3])k
= i (’;) In*~“a1n’ {1 - (Z - 1);}

a3 (B

£=0

4W®f@N§?iZmL@—DMVT

£=0

(oo}

2 a0-2)]

=1

When 0 <a<b<lorl<a<b<a? if A\ €R, then

A
[0~ s+ o] = (1n*a) (14 =)

Ina

(In* a) i(Aﬂ(lnl—i—(b/a—l) ])

! Ina
£=0

’
ln “ Z E'lna lzm(la) ’ ]

=0 m=1

o] 1 b m+1 ¢
E — 11— - s .
E'ln a o m+1 a

0

oo

Z:

(=)

In [4, p. 18, 0.314], it was stated that

oo n o)
E akxk = E Cn,kﬂfk,
k=0

k=0

where ¢, o = af and
m
cnmz an—m—kkawmm g, meN.
0 k=1
Hence, it follows that
‘
[e%e) m+1 e e}
1 b
- 1 _ m — m,
[Zm—i—l( a) s 1 Zce,mx
m=0
b\ Y
where ¢ 0 = (1 — 5) and

1 S kl—m+k b\*
CE,M*EZ k‘i—kl <1—a> Clom—k
k=1
1 m m—1 . 1 —-p
O (e
m a o m—p+1 a

for m € N. Let Cyp,, = (1 — 3)77"0@”, the above recursive formula becomes

m—1
1 ml —p(f+ 1)
= — E _— 2.2
Cem m = m—-—p+1 Cp (22)
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with Cpo = ¢ro. Starting out from these points, it is much possible to find explicit formulas for
computing the integral I(a, b; A\,n). For example, when A # 0 and n = 1,

I(a,biA 1) = 1 / L (b —asr
T A+1)b—a) )y /s(1—2s) ds
o Ma (DAL
TOHD0-a & awla
1 1 d |1 " 1’
S —— —(1- mld
Vs(1—s) ds[zm< a) S] 8
In*a >
= Ccoms ds
A+ 1) - )ézo mn a / /—1_5 dsz “
nMle & YA+ 1),
= m+1)cem / 1— ) V2gm=1/24¢
A+ 1)(b—a) éz: Mna mZ:o( Jetm1 0( )

1n>\+1a 00 (_ )Z<A+1>Z 00 1 1
B (/\—i-l)(b—a) ; é!lnea Z(m+1)06,m+13<2,m+ 2)

m=0

i la S (—1)YA+ 1),

= 1 m
()\‘i‘].)(b-@) pourt é' lnea 7nz::0(m+ )CK, +1—F7N

(1/2)m
(D)m
Hence, it would be important to derive a general formula for the recursive relation (2.2).

2.6. For k > 0, differentiating with respect to z on both sides of (1.1) gives

d* 1 k! 1
—k— - 7 dt. (2.3)
dz" \/(z+a)(z + b) (t—a)(b—1t) (t+2)FF
By the Fad di Bruno formula
Il k) / " (n—k+1)
dtnf o h(t Zf )Bx (W' (), 1" (t), ..., h t), n>0
in [2, p. 139, Theorem C], where
nl n—k+1 2 i
Bmk(wl,xQ,...,xn_kH) Z W H (?) s nZkZO
1<i<n,€;eNU{0} i=1
S ili=n
n =k

i=1

is called [2, p. 134, Theorem A] the Bell polynomials of the second kind, we obtain

d 1 : 1 “ / 1
@m = Z(\/ﬂ> B e(u'(2),u"(2),0,...,0)

£=0

_Z< > €+1/2Bk3(22+a+b,2,0 0)

k 1 1
N Z<_> [(z +a)(z +b)]¢ 172 Bre(22 +a+5,2,0,...,0)

HZ< > 7ab e+1/2Bk7£(CL+b,2,O,...,O)

as z = 0, where u = u(z) = (2 + a)(z + b). Recall from [2, p. 135] that

Bnk (abxl, ab’zs, . . ., ab”*k“xn,kﬂ) = akb"Bnﬂk(ml, Xy o s T—kt1)s (2.4)
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where @ and b are any complex numbers and n > &k > 0. Recall from [5, Theoem 4.1], [17, Theorem 3.1],
and [18, Lemma 2.5] that

_ |
Boi(2,1,0,...,0) = (T;nf,f)' (Z) (n f k) R ) (2.5)

Accordingly, by (2.4) and (2.5), it follows that

a* 1 WA | 1 a+b
lim — = 2y —— o, (2% 1.0,....0
S0 AR Gt a)e b ez_;< 2>e(ab)‘3+1/2 M( 2 7 )

S a0 ()Y

Letting z — 0 on both sides of (2.3), employing the above result, and simplifying lead to

1

o \/(t—a)(b—t) tht1 dt

:(aibkfz iMW(kfa(a;b)é(l/a;l/by,

that is,

T b (20— [ ¢ \[A(a,b)]"
Ia,b:0.k+1) = o5 2A (a, b g ZO )2 201 (kf) {H(a,b)} (26)

for b > a > 0 and k£ > 0, where (g) = 0 for ¢ > p > 0, the double factorial of negative odd integers
—(2n 4+ 1) is defined by

(—2n— 1! = 7(_1)71 =(-1"

and the quantities

a+b 2
A(a,b) = 5 G(a,b) = Vab, and H(a,b) = To1
a b
are respectively the well-known arithmetic, geometric, and harmonic means of two positive numbers a
and b.
When k£ =0 in (2.6), the integral (1.2) or (2.1) is recovered.

In fact, the above argument implies that

1 B (—1)k ™
o /(t—a)b—t) (t+2z)"! di = [2A(z + a, erb)]k G(z+a,z+Db)

et () ]

for b > a > 0 and k > 0. This is equivalent to (2.6).

By the way, the ratio (2([2_2)1!)” is called the Wallis ratio. For more information, please refer to the

paper [7] and plenty of references cited therein.
Alternatively differentiating with respect to z on both sides of (1.1) leads to

dr 1 d’“ 1 1
k 1 ® 1 (k—£)
Z()(m> ()
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-5 (N3 o 2), o

e 2w—1 1 R0k —0) — 1)1 1
:Z(J(_l)é( QE) (Z‘Hl)”l/z(_l)k = 2167)2 ] (2 + b)F—£+1/2

(—1)F 1 1 unye 240\
T ok (z+a)l/? (z+b)k+1/2g(E)(%_1)!![2(k_£)_1]!!(z+a> )

Substituting this into (2.3) and taking the limit z — 0 result in

k

o1 2£—1H (k o) — 11 [/ b\*
f(a,b:0,k+1) = abbTE:o 20k — 0! (a)

for b > a > 0 and k > 0. This is an alternative expression for I(a,b;0,k + 1).

2.7. Under different conditions from those discussed above on b > a > 0 and A\, € R, can one discover
more explicit formulas for the improper integral I(a, b; A\, n)?

3. IDENTITIES FOR I(a,b; k,n)
In this section, we present several identities for the improper integral I(a, b; k,n).

3.1. Substituting s = % into I(a,b; k,n) yields

I(a,b;k,n) = (\_/% I<ll) ! ik, 1— ) (3.1)

for k> 0,7 € R, and a,b > 0 with a # b. In particular, it can be derived that

1 11
I(a,b:0,1) = ——1I{ =, =:0,0
(a,:0,1) = = (b ! )

1 1
I +,b; =(=DFI( £, bk, 1—n).
(bab,kan) ( ) (bab7k7 T])

3.2. Substituting s = £ into I(a,b; k,n) gives

1 b b
I(a,b;k,n) = e [(lnk a)I(l, a;O,T]) +I<1, a;k,n)}

for k€ N, n € R, and a,b > 0 with a # b. In particular,

I(a,1;k,n) = ain {(hlk a)I(L i;&n) +I<17 ikn)] (3.2)

3.3. From (3.1), it follows that

and

I(a,1;k,n) = (1)k1(17i;k,1n> (3.3)

Substituting (3.3) into (3.2) leads to

1 _(-1)F 1 k 1
I<1,a,k,77) = an_1/21<1,a,k,1n) — (ln a)I 1’&’0’7)

for 1 #a >0, k € N, and n € R. Consequently,

—1)k
I(1,b;k,n) = 51/217,1(1,& k.1 =)+ (In*b)I(1,5;0,n)
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for1#4b>0,k €N, and neR.

4. REMARKS

By the way, we list two remarks on (1.1) and integral representations of the weighted geometric
means.

Remark 4.1. The integral representation (1.1) can be generalized as follows. For ap < axy1 and
wg > 0 with 22:1 wg = 1, the principal branch of the reciprocal of the weighted geometric mean
[Tr_,(z+ag)” on C\ (—oo, —a1] can be represented by

1 1 n—1 m A1 1 1
—n S, = — sin| 7 w dt.
[T (z+ar)os  m z:: ( ; ‘ /a [T, [t —agws t+ 2

Remark 4.2. Before getting the integral representation (1.1), the following integral representation
for the weight geometric mean []}_,(z 4+ ax)"* was obtained. Let wy > 0 and > ,_, wr = 1 for
1<k<nandn>2 Ifa=(a,az,...,a,) is a positive and strictly increasing sequence, that is,
0<a; <ag <--- < ay, then the principal branch of the weighted geometric mean

n

Gunla+z)= I_I(a;C +2), ze€C\ (—o0,—a]

k=1

has the Lévy—Khintchine expression
Gunla+2)=Gynla)+ 2+ / Mawn(u)(l—e **)du, (4.1)
0

where the density

n

n—1 art1
Mg, w,n (U Zbln WZUJJ / H lay — t|"“re " dt.
ayp

For more detailed information, please refer to [1, 6, 8,9, 12,13, 14, 15, 16] and closely-related references
therein.

Remark 4.3. Letting n = 2 and wy; = wy = 5 in (4.1) or setting n = 2 in [14, Theorem 1.1] leads to
Viz+a)(z+b) =Vab 42+ = / {/ V(b —=1t)(t—a) _“tdt} e *")du

=Vab +z+ — /\/ —t)(t—a) [/ e " ez“)du}dt
— tf
:mﬂﬁ/ viboutma) Ly,
™ a

t+z

that is,

b=ttt —a) 1 V(z+a)(z+b) —Vab

dt=m -1 ’
t t+z z

for b > a > 0. Taking the limit z — 0 on both sides of (4.2) yields

e T Y P Y

For k € N, differentiating k times with respect to z procures

/m e {m \/%]“f)

EE

(k)
1 b 1
=+Vab |- \/1+a+ 24+ =22 -1
z ab ab
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(k)

R A ] 3
— Vab i(—w-l . (a}))é [ a+b+2)"] "
- VQ“’éi;( 1>€‘1(2££%3y'2}<a2>e2§% (5) ) a0+ 294
—»%w§§@4%*@€;$”2m;egfl)w—ngggm+b+@ﬂ“f“>

1 k 20— 1 [k a -+ b)2
" (a+b)1Vab Z(_l)e( 2f+1) €+1(£> (et 1>H( (ab)f3

B L20-D10 1 (kK L+ (a+b)*
_(kulfz 20+1 £+1<£)(2€k+1)! (ab)’

B k! Z (20— (€41 (a+b)*
T e a2 vy \k—¢) ()
as z — 0. As a result, we have

/\/mdt kz’“: 26—1)<€+1)<a+b)2”1

tht2 2 D \E —¢)\ Vap

forb>a>0and k € N.

Remark 4.4. This paper is a slightly modified version of the preprint [10].
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