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GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS FOR A
QUASILINEAR PARABOLIC EQUATION WITH ABSORPTION
AND NONLINEAR BOUNDARY CONDITION

IFTIKHAR AHMED*, CHUNLAI MU AND PAN ZHENG

ABSTRACT. This paper deals with the evolution r-Laplacian equation with
absorption and nonlinear boundary condition. By using differential inequality
techniques, global existence and blow-up criteria of nonnegative solutions are
determined. Moreover, upper bound of the blow-up time for the blow-up
solution is obtained.

1. INTRODUCTION

In this paper, we investigate the global existence and finite time blow-up of
nonnegative solutions for the following initial-boundary value problem

up = div(|Vu""2Vu) — f(u), (x,t) € Q x (0,t%),

(1.1) |Wy~—2% — g(u), (1) € O x (0,%),

u(z,0) =up () >0, x e,

where r > 2, % is the outward normal derivative of u on the boundary 02 assumed

sufficiently smooth, Q is a bounded star-shaped region in RY (N > 2) and t* is
the blow-up time if blow-up occurs, or else t* = oco. It is well known that the
functions f and g may greatly affect the behavior of the solution w(z,t) with the
development of time. From the physical standpoint, — f is the cold source function,
g is the heat-conduction function transmitting into interior of €2 from the boundary
of Q.

The global existence and blow-up for nonlinear parabolic equations have been
extensively investigated by many authors in the last decades (see [1-6] and the
references therein). In recent years, many authors have also studied bounds for
the blow-up time in nonlinear parabolic problems by using differential inequality
techniques (see [7-12]). In particular, Payne et al. [13] considered the following
semilinear heat equation with nonlinear boundary condition

ur = Au — f(u), (z,t) € Q x (0,t%),

(12) . = g(u)v (xvt) € 00 x (O’t*)a
)

u(z,0) =ug (x), x €,
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and established sufficient conditions on the nonlinearities to guarantee that the
solution u(z,t) exists for all time ¢ > 0 or blows up in finite time ¢*. Moreover, an
upper bound for t* was derived. Under more restrictive conditions, a lower bound
for t* was also obtained.

Moreover, in [14], Payne et al. also studied the following initial-boundary prob-
lem

uy = V(|Vu|**Vu), (x,t) € Q x (0,t%),

(1.3) |Vu|2pg% = f(u), (z,t) €0 x (0,t%),
u(z,0) =ug (x), x € Q,

and obtained upper and lower bounds for the blow-up time under some conditions
when blow-up does occur at some finite time.

In the present work, by using differential inequality techniques, we give some
sufficient conditions on the functions f and g for the global existence and blow-up
of nonnegative solutions to problem (1.1). Our main results are stated as follows.

Theorem 1.1. (Conditions for global existence). Let u(x,t) be the solution
of problem (1.1) and assume that the non-negative functions f and g satisfy the
following conditions

(1.5) 9(§) < k287, >0,

for some mon-negative constants ki1 and ko. Moreover suppose that the positive
constants p and q satisfy the following conditions
(1.6) p>q>r—1 and rq < (r—1)(p+1).

Then the non-negative solution u(x,t) of problem (1.1) exists globally for all time
t>0.

Theorem 1.2.(Conditions for blow-up in finite time). Let u(x,t) be the solution
of problem (1.1) and assume that the non-negative functions f and g satisfy the
following conditions

(1.7) fE) <rF(§), £=0,
(1.8) £9(&) =2 rG(E), £=0,
with

£ 13
(1.9) () = / fnydn,  G(&) = / g(m)dn.

Moreover suppose that ¥(0) > 0, where

(1.10) U(t) :r/ém G(u)dsf/g\Vu|rdxfr/QF(u)dx.

Then the solution u(x,t) of problem (1.1) blows up at time t* < T with
®(0)

1y NEPE

, forr > 2,
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where ®(t) = [, udx. If r = 2, we have T = .

This paper is organized as follows. In Section 2, we establish the conditions
on the functions f and g, which guarantee that u(x,t) exists globally, and prove
Theorem 1.1. In Section 3, we obtain the blow-up condition of the solution and
derive an upper bound estimate for the blow-up time ¢*.

2. CONDITIONS FOR GLOBAL EXISTENCE

In this section, we establish the sufficient conditions on the functions f and
g, which guarantee that u(z,t) exists globally, and prove Theorem 1.1. To do this,
we need the following Lemma.

Lemma 2.1. Let Q be a bounded star-shaped domain in RN, N > 2. Then for
any non-negative C* function u and v > 0, we have

N d
(2.1) / uvds < —/u”dx+l/u771|Vu|dx,
oQ Po Ja pPo Ja
where
2.2 = mi . = .
(2.2) po= min(z-n) end d= max|z|

Proof. As Q is a bounded star-shaped domain, it is easy to see that py > 0.
Integrating the identity

(2.3) div(u"z) = Nu" 4+ ~yu""(x - Vu)

over €, it follows from the divergence theorem that

(2.4) / u¥(z-n)ds = N/ uldx + 'y/ 'z - Vu)d.
o0 Q Q

By the definition of pg and d, we obtain

(2.5) po/ u”dsg/ u”(;v-n)dsgN/ u”dx—l—’yd/u"’_l\Vu\dm,
o9 o) Q Q

which implies the desired conclusion.
Proof of Theorem 1.1. Setting

(2.6) (ID(t):/Qu2dx,

then it follows from (1.1), (1.4) and (1.5) that
d'(t) = 2/ uuydx
Q
—9 / ldiv(| V| V) — f(u)]de
Q

(2.7) :2/ u|Vu|T*2§—uds—2/ |Vu|rdm—2/ uwf(u)dx
o0 n Q Q

:Z/Cmug(u)ds—2/ﬂ|Vu|rdx—2/ﬂuf(u)dx

§2k2/ uq+1ds—2/ |Vu|rdx—2k1/up+1dw.
a0 Q Q
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By Lemma 2.1, we have
N 1)d
(2.8) / ultlds < —/ uq+1dx+u/uq|Vu|dm,
o0 pPo Ja Po Q

where pg and d are given by (2.2). Combining (2.7) with (2.8), we obtain
(2.9)

2ko N 2 1
d'(t) < L/uq"'ldm‘—l—w/uﬂVu\dx—Q/ \Vu\rdx—le/upde.
Po  Jo Po Q Q Q

By using Young’s inequality with € > 0, we derive

1 —1 T
(2.10) /Uq\vu|d$S */ Vul"dz + sril/ur—qlda:,
Q re Ja r Q

where € = W > 0. It follows from (2.9) and (2.10) that
(2.11)
2ko N k AN vy
(I)/(t) S L/ uq+1dx + 2(7" _ 1) (2(‘]"‘)) / ur—Tdyr — 2k1/ Up+1d$.
Po Ja Tpo o 0

By Holder’s inequality , we have

« -«
(2.12) /u%da: < (/ uq'de) (/ up‘Hd:v) ,
Q Q Q

— (=D(p+1)—rg
where a = L0500

(2.13) ai*ay? <riag +reas,  ap,az > 0,r1,m9 > 0and r + 19 =1,

it follows from (2.12) that

«@ 11—«
/u:fqld:ﬁg (naal/u‘ﬁ'ld:c) (K/up+1dx)
(2.14) a Q Q

San%/uq+ldr+(1—a)/@/ uPldz,
Q Q

€ (0,1), due to (1.6). By using the fundamental inequality

where
k1 (kz(q+1)d>r3
2.15 0<k< )
( ) (7‘ — 1)(1 — a) 7Po
Combining (2.11) with (2.14), we obtain
(2.16) q)/(t) < Kl/uq+1d33—K2/ up+1dx7
Q Q
where
2ko N a1 [k d\ =1
(217) K, = 2 + 2(7’ — ]_)a,k;Tl (2((1—’—)) >0,
Po po
and
k 1)d\ = *
(2.18) Ky=2k —2(r—1)(1-a)k (2((7{:)) >0,
0

due to (2.15). According to Hoélder’s inequality, we derive

a1

pt1 p—q

(2.19) /uq“dxg </ up“dx) [olkz=
Q Q
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where [ = [, dz is the N-volume of Q. It follows from (2.16) and (2.19) that

P—4q

q+1
p+1 p—q p+1
(2200 (1) < ( / upﬂdx) [Kllﬁl’“ K ( / upde)
Q Q

By Holder’s inequality again, we have

_

2

s S|
(2.21) d(t) :/u2d:cg (/ up+1d:r) [olkz=
Q Q

Therefore, we deduce from (2.20) and (2.21) that

a+1
p+T - A-p)(p—a) _ p—gq
(2.22) P'(t) < (/ up+1dx> {K1|Q|2T? K| q>T} _
Q

Hence, we infer from (2.22) that ®(t) is decreasing in each time interval on which
we have

(2.23) o(t) > (2) i 1,

so that ®(t) remains bounded for all time under the conditions stated in Theorem
1.1, which completes the proof. [

3. CONDITIONS FOR BLOW-UP IN FINITE TIME

In this section, we obtain the blow-up condition of the solution and derive an
upper bound estimate for the blow-up time ¢*.
Proof of Theorem 1.2. Using Green formula and the assumptions stated in
Theorem 1.2, we have

(1) = 2/ wugdz
Q

—9 /Q ldiv(| V| V) — f(u)]de

2/ u|Vu|T_2@ds—2/ |Vu|rdac—2/uf(u)dx
(3.1) a0 on Q Q

2/(99 ug(u)ds — 2/Q |Vul"dz — 2/Quf(u)dx

> 2r G(u)ds — 2/ [Vu|"dz — 2r/ F(u)dx
re) Q Q
> 20 (t).

Differentiating (1.10), we obtain
V'(t) = r/ urg(u)ds —/(\Vu|r)tdm—r/ ug f(u)dz
o9 Q Q
(3.2) = 7"/ uediv(|Vu|""2Vu)dr — r/ ug f(u)dz
Q Q

= 7"/ (ug)?dx > 0.
Q
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As U(0) > 0, then ¥(¢) > 0 for all ¢ € (0,t*). By using Holder’s inequality , we
derive

(3.3) (@) =4 (/2 uutda:)Q < 4/Qu2dx /Q(ut)Qda: - %(D(t)\l”(t).

€

It follows from (3.1) and (3.3) that

(3.4) DOV (1) 2 L(¥(1)° = S (1)),

that is

(3.5) (®~2W)'(t) > 0.

Integrating from 0 to ¢, we have

(3.6) O () T(t) > d2(0)T(0) =: K > 0.

Therefore, we deduce from (3.1) that

(3.7) D'(t) > 20 > 2K®2(t).

If r > 2, it follows from integrating over (0,t) that

(3.8) o(t) > [qf? 0) — K(r — 2)4 e
2*T°0) _ _ a(0)

which implies ®(t) - 400 ast - T =

KGr=2) — r=2)9(0) Hence, for r > 2, we

have
®(0)
3.9 <
&) =T 2w0)
If r = 2, we infer from (3.7) that
(3.10) d(t) > (0)e*Xt forall t >0,

which implies t* = oo, this completes the proof. [
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