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ABSTRACT. We introduce a truncated M-fractional derivative type for a-differentiable functions that gener-
alizes four other fractional derivatives types recently introduced by Khalil et al., Katugampola and Sousa et
al., the so-called conformable fractional derivative, alternative fractional derivative, generalized alternative
fractional derivative and M-fractional derivative, respectively. We denote this new differential operator by
i@ﬁl’ﬂ, where the parameter «, associated with the order of the derivative is such that 0 < a < 1, 8 >0
and M is the notation to designate that the function to be derived involves the truncated Mittag-Leffler
function with one parameter.

The definition of this truncated M-fractional derivative type satisfies the properties of the integer-order
calculus. We also present, the respective fractional integral from which emerges, as a natural consequence,
the result, which can be interpreted as an inverse property. Finally, we obtain the analytical solution of the

M-fractional heat equation and present a graphical analysis.

1. INTRODUCTION

The non integer-order calculus or fractional calculus, as it is largely diffused, is as important and ancient
as the integer-order calculus, and for many years the scientific community didn’t know it. Currently, there

are numerous and important definitions of fractional derivatives types, each one of them with its peculiarity
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and application [1-3]. Although, to be highlighted only from 1974, after the first international conference on
fractional calculus, it has shown to be important and with great applicability in modeling problems, more
precisely natural phenomena. For this growth, it was necessary the contribution of famous mathematicians,
such as Lagrange, Abel, Euler, Liouville, Riemann, as well as recently Caputo and Mainardi, among others.

It is possible to define various integrals and fractional derivatives. Each definition has its own peculiarity
and thus makes the fractional calculus fruitful in the sense of theory and applications. We report some types
of fractional derivatives that have been introduced so far, among which we mention: Riemann-Liouville,
Caputo, Hadamard, Caputo-Hadamard, Riesz, among others [3,4]. Many of these derivatives are defined
from the fractional integral in the Riemann-Liouville sense. Recently, Katugampola [5], has presented a new
fractional integral unifying six existing fractional integrals, named Riemann-Liouville, Hadamard, Erdélyi-
Kober, Katugampola, Weyl and Liouville [3, 6].

On the other hand, also recent, Khalil et al. [7] proposed the so-called compatible fractional derivative of
order o with 0 < a < 1 in order to generalize the classical properties of calculus. More recently, in 2014,
Katugampola [8] has also proposed an alternative fractional derivative with classical properties, which refers
to the Leibniz and Newton calculus, similar to the conformable fractional derivative. In 2017, Sousa and
Oliveira [9], introduced an M-fractional derivative involving a Mittag-Leffler function with one parameter [10]
that also satisfies the properties of integer-order calculus. In this sense, we are going to introduce a truncated
M-fractional derivative type that unifies four existing fractional derivative types mentioned above and which
also satisfies the classical properties of integer-order calculus.

The study of differential equations has proved very useful over time. One of the main reasons is that
the simplest differential equations have the ability to model more complex natural systems [1,3,11]. There
are a larger number of application involving differential equations of which we mention: the problem of
population dynamics, brachistochronous problem, wave equation, heat equation and others [1,12]. However,
natural systems over time, become more complex and more than differential equations, provides a rough and
simplified description of the actual process, it is necessary that new and more refined mathematical tools are
presented and studied. In this sense, fractional derivatives are used to propose modeling in order to obtain
more precise results in the studies and applications involving differential equations [11]. Then through the
use of properties of a truncated M-fractional derivative type, we will present an analytical study of the
heat equation and through graph, we will analyze the behavior of the solution in relation to other types of
fractional derivatives the so-called local derivatives.

This paper is organized as follows: in section 2, our main result, we introduce the concept of truncated
M-fractional derivative type involving a truncated Mittag-Leffler function, as well as several theorems.
Also, we introduce the respective M-fractional integral for which we demonstrate the inverse property. In

section 3, we present the relationship between a truncated M-fractional derivative type, introduced here,
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and the conformable fractional derivative, generalized and alternative fractional derivative and M-fractional
derivative. In section 4, we perform an analytical study of the M-fractional heat equation in order to obtain

the analytical solution and present some graphs. Concluding remarks close the paper.

2. TRUNCATED M-FRACTIONAL DERIVATIVE TYPE

In this section, we define a truncated M-fractional derivative type and obtain several results that have a
great similarity with the results found in the classical calculus. From the definition, we present a theorem
showing that this truncated M-fractional derivative type is linear, obeys the product rule and the composition
of two a-differentiable functions, the quotient rule and the chain rule. It is also shown that the derivative
of a constant is zero, as well as versions for Rolle’s theorem, the mean value theorem and an extension of
the mean value theorem. Further, the continuity of this truncated M-fractional derivative type is shown as
in integer-order calculus. Also, we introduce the concept of M-fractional integral of a f function. From the
definition, we shown the inverse theorem.

We define the truncated Mittag-Leffler function of one parameter by:

i k

iEs (2) = ;WH) (2.1)

with # >0 and z € C.

From Eq.(2.1), we define a truncated M-fractional derivative type that unifies other four fractional deriva-
tives that refer to classical properties of the integer-order calculus.

In this work, if a truncated M-fractional derivative type of order « as defined in Eq.(2.2) of a function f
exists, we say that the function f is a-differentiable.

Thus, let us begin with the following definition, which is a generalization of the usual definition of integer

order derivative.

Definition 2.1. Let f : [0,00) = R. For 0 < a < 1 a truncated M -fractional derivative type of f of order

a, denoted by i@;\}ﬁ, is

D f (1) = lim T BB @) 2 () (2.2)

e—0 3

YVt > 0 and ;Eg (), 8 > 0 is a truncated Mittag-Leffler function of one parameter, as defined in Eq.(2.1).
Note that, if f is a-differentiable in some open interval (0,a), @ > 0, and lirn+ (i@?jﬁf (t)) exist, then
t—0

we have
51 0) = 1im (757 (1))
t—0t

Theorem 2.1. If a function f:[0,00) = R is a-differentiable for to > 0, with 0 < a <1, § > 0, then f is

continuous at tg.
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Proof. In fact, let us consider the identity

7 (t0 5 (5°)) = £ (to) = <f oot w) ‘ (23)
Applying the limit € — 0 on both sides of Eq.(4.1), we get
giﬂ%f (fo (B (ctg®)) — f (t0) = gg% (f (to :Es (€t2a)) - f(to>> 8113%5
= 23" f (1) lime
= 0.
Then, f is continuous at tg. |

Using the definition of truncated Mittag-Leffler function of one parameter, we have

k
f(tiEg(et™)) = (tzr Ty ) (2.4)

Applying the limit € — 0 on both sides of Eq.(2.4) and since f is a continuous function, we have

. —c t a :
limf (¢ B (ct7*)) = limf <t2r65k+1 )

Y ﬂ 25)
- =0T (k +1) '
Further, we have
_ : (st*“)k
tEg(et™@ = 1y —/———
(=7 ,;r (Bk +1)
R t(et=)? N t(et=)? L t(et=)'
- T(B+1) TEB+1) TEB+1) L@s+1)
(2.6)
Applying the limit € — 0 on both sides of Eq.(2.6), we have
(et=)
ilﬁ%zr (Bk + n=!
In this way, we conclude that
lim £ (tBs (st7%)) = f(t). (2.7)

Here, we present the theorem that encompasses the main classical properties of integer order calculus. For
the chain rule, it is verified through an example, as we will see next. We will do here, only the demonstration
of the chain rule, for other items, follow the same steps of Theorem 2 found in the paper by Sousa and

Oliveira [9].
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Theorem 2.2. Let0<a <1, >0, a,beR and f,g a-differentiable, at a point t > 0. Then:
P (af +bg) (1) = a s 23" F (1) + 1323179 (1).

(1) 25" (

2) 25" (f-9) () = (1) 25 g (t) + g (1) @“"’f()-

® 75 (1) - 20 TS0, 75’9 (t)
lg

(4)

(5)

9 Ol

-«
5) (Chain rule)If f is differentiable, then i.@]aw’ﬁ (H)= (tﬁ—l—l)d]:l(t )
Proof. From Eq.(2.6), we have
. —« —_ 2
tiEg (et™) tr T +0(¢%),

and introducing the following change,

_ 4l-« 1 _
h=c¢t (F(ﬂ+1)+0(5)>:>5_ AT ,

we conclude that

fE+h) = f(@)

Z_@Ot,ﬁ t) = 1 b
v () s o L+ T (B+1)0(e))
R0
tlme h
— lim

T (B+1)e>01+T (8+1)0 (e)

S . 40

- T(B+1) dt’

with 8 > 0 and ¢t > 0. :

(6) 75" (fog)(t) = f'(g(t)):Z5i"g(t), for f differentiable at g(t).

Now, it is necessary to know if, in addition to the previous Theorem 2 that contains important properties
similar to integer-order calculus, this truncated M-fractional derivative type Eq.(2.2) also has important
theorems related to the classical calculus. We shall now see that: the Rolle’s theorem, the mean value theorem
and its extension coming from the integer-order calculus can be extended to a-differentiable functions, i.e.,

that admit truncated M-fractional derivative as introduced in Eq.(2.2).

Theorem 2.3. (Rolle’s theorem for fractional a-differentiable functions) Let a > 0, and f : [a,b] — R be a
function with the properties:

(1) f is continuous on [a,b].

(2) f is a-differentiable on (a,b) for some a € (0,1).

(3) fla) = f(b).
Then, Jc € (a,b), such that i@](cf’ﬁf(c) =0, with 8 > 0.



Int. J. Anal. Appl. 16 (1) (2018) 88

Proof. Since f is continuous on [a,b] and f(a) = f(b), there exist ¢ € (a, b), at which the function has a local

extreme. Then,

fleils(ec™®) = f (o)

. [ (cig(ec™)) — f (o)
25" = 1 =1 :
M f (C) s—lgl* £ €~1>r(r)lJr IS
But, the two limits have opposite signs. Hence, i@?jﬁf (¢)=0. |

The proof of Theorem 4 and Theorem 5, will be omitted, but follow the same reasoning of the respective

theorems demonstrated in Sousa and Oliveira [9].

Theorem 2.4. (Mean-value theorem for fractional a-differentiable functions) Let a > 0 and f : [a,b] = R
be a function with the properties:
(1) f is continuous on [a,b].
(2) f is a-differentiable on (a,b) for some a € (0,1).
Then, 3c € (a,b), such that
I’ f(e) =

with 8 > 0.

Theorem 2.5. (Extension mean value theorem for fractional a-differentiable functions) Let a > 0, and

fyg:[a,b] = R functions that satisfy:

(1) f,g are continuous on |a,b].

(2) f,g are a-differentiable for some o € (0,1).

Then, 3c € (a,b), such that
i25°f () f(0) = f(a)
2%%g () 9(b) —g(a)’ (2.8)

with 8 > 0.

Definition 2.2. Let « € (n,n + 1], for some n € N, 8 > 0 and f n-differentiable for t > 0. Then the

a-fractional deriwative of f is defined by

i_@]‘\?ﬁ;’ﬂf (t) = gl_f)%f(n) (t iEﬂ (51”;7“)) — f(n) (t)’ (29)

since the limit exist.

From Definition 2 and the chain rule, that is, from item 5 of Theorem 2, by induction on n, we can prove

ofin tn+1—a

Now, we know that: this truncated M-fractional derivative type Eq.(2.2) has a corresponding M-fractional

™), a € (n,n+1] and f is (n + 1)-differentiable for ¢ > 0.

integral. Then, we will present the definition and a theorem that corresponds to the inverse property. For

other results involving integrals, one can consult [9,13].
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Definition 2.3. Let a > 0 and t > a. Also, let f be a function defined in (a,t] and 0 < o < 1. Then, the

M -fractional integral of order « of function f is defined by [9]

w1 =r@+ [ L, 210)

with 5 > 0.

Theorem 2.6. (Inverse) Let ¢ > 0 and 0 < a < 1. Also, let f be a continuous function such that exist
MmZ&B f. Then
D5 (TSP F (1) = f(8), (2.11)

with ¢ > a and 8 > 0.

Proof. In fact, using the chain rule as seen in Theorem 2.2, we have

l1-a d
G5 WIT0) = et ©)

_ F(t;:”jt (I‘(5+1)/at il(fzd:c)

ottt (T(B+1)
- F(5+1)< e ””)

f(@). (2.12)

With the condition f(a) = 0, by Theorem 6, that is, Eq.(2.12), we have 5 Z%# [i@;‘/[’ﬁf(t)} = f(t).

3. RELATION WITH OTHER FRACTIONAL DERIVATIVES TYPES

In this section, we will discuss the relationship between the fractional conformable derivative proposed
by Khalil et al. [7], the alternative fractional derivative and the generalized alternative fractional derivative
proposed by Katugampola [8] and the M-fractional derivative proposed by Sousa and Oliveira [9], with our
truncated M-fractional derivative type.

Khalil et al. [7] proposed a definition of a fractional derivative, called conformable fractional derivative

that refers to the classical properties of integer order calculus, given by

Ft) = gi_rgg)f (t+ Etlga) arAV (3.1)

with o € (0,1) and ¢t > 0.
In 2014, Katugampola [8] proposed another definition of a fractional derivative, called an alternative
fractional derivative which also refers to the classical properties of integer-order calculus, given by

D (1) = lim AL

e—0 £

: (3.2)
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with o € (0,1) and ¢t > 0.
In the same paper, Katugampola [8] by means of a truncated exponential function, that is, ye®, proposed
another generalized fractional derivative, given by
f (ke ™) = £ (1)
Dy f (t) = lim , (3.3)

e—0 e

with o € (0,1) and ¢ > 0.

Recently, Sousa and Oliveira [9] introduced the M-fractional derivative @J(\"f where the parameter 5 > 0
and M is the notation to designate that the function to be derived involves the Mittag-Leffler function of
one parameter, given by

f(tEg (et™)) — f (1)

P f () = lim - : (3.4)

with o € (0,1) and ¢t > 0.

It is clear that our definition of truncated M-fractional derivative type Eq.(2.2) is more general than the
fractional derivatives Eq.(3.1), Eq.(3.2), Eq.(3.3) and Eq.(3.4). We will now study particular cases involving
such fractional derivatives.

Choosing 8 = 1 and applying the limit ¢ — 0 on both sides of Eq.(2.2), we have
f K (et7) = f (1)

a,f T
T3 F (1) = lim : (3.5)
But, it is know that
L (etm)F
Eq (et™) = — =1 . 3.6
1By (e27) kZ:oF(k+1) +e (3.6)
Thus, we conclude that
a,f R 1 f (t+5t1*04) B f(t) _ rla)
T3 F (1) = lim - = 1), (37)
which is exactly the conformable fractional derivative Eq.(3.1).
Choosing 8 = 1 and applying the limit ¢« — oo on both sides of Eq.(2.2), we have
By e (EocEr (€27%) = f(2)
w757 (1) = lm 4 (3.8)
But, as we have
X (et=)"
ooy (et7%) = =" 3.9
e =Ygy = (39)
we conclude that
, f (et ) = o)
Dy f () = ;1_% s =Df(t), (3.10)

which is exactly the alternative fractional derivative, Eq.(3.2).
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Choosing 8 =1 in Eq.(2.2), we have

By i 4 (EiE (et7Y)) — f(F)
D f () = gg% . . (3.11)
Remembering that
(et™) oo
“ 12
S T (k+1) k:+1 o (3.12)

we have

8 . f(e'
P F (1) = tim —Def (1), (3.13)

e—0
exactly the generalized fractional derivative, Eq.(3.3).

Finally, applying the limit ¢ — co on both sides of Eq.(2.2), we have

51 (1) = g T EED) IO, (3.14)
since
(et7) Fg’;il Eg (et7°), (3.15)
we conclude that
9 ) — i LB N = F O sy .16)

e—0 3

exactly the M-fractional derivative, Eq.(3.4).

4. APPLICATION

In this section, we obtain the solution of the heat equation using a truncated M-fractional derivative type
with 0 < a < 1 and present some graphs about the behavior of the solution.

Consider the heat equation in one dimension given by

Ou(x,t) ka% (z,t)

BN 922 , 0<zxz <L, t>0,

where k is a positive constant.

Using a M-fractional derivative type, we propose an M-fractional heat equation given by

0% (z,t) k82u (z,t)
ot Ox?

,0<ax<L,t>0, (4.1)
where 0 < o < 1 and with the initial condition and boundary conditions given by

w(0,t) = 0,t>0, (4.2)
uw(L,t) = 0,t>0,

u(z,0) = f(x),0<a<L.
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We start, considering the so-called M-fractional linear differential equation with constant coefficients

0%v (x,t)

e p?v (z,t) =0, (4.3)

where p? is a positive constant.

Using the item 5 in Theorem 2.2, the Eq.(4.1) can be written as follows

tt=  dv(x,t) 9
+ t)=20
FGaT i e =0
whose solution is given by
2
v (t) = ceN P (4.4)

with 0 < @ < 1 and 8 > 0.
Now, we will use separation of variables method to obtain the solution of the M-fractional heat equation.

Then, considering u (x,t) = P (x) @ (t) and replacing in Eq.(4.1), we get

@ @=L P
dto TV dx2?
which implies
1 d¢ 1 d?
ooaeY = payae @ =8 (4.5)

From Eq.(4.5), we obtain a system of differential equations, given by

da

Q) —kEQ () =0 (4.6)
and

d2

TP (1) — &P (1) =0. (4.7)

First, let’s find the solution of Eq.(4.7). For this, we must study three cases, that is, £ = 0, £ = —u? e
§=p’.

Case 1: £ =0.

Substituting £ = 0 into Eq.(4.7), we have

j—;P () — &P (x) =0, (4.8)

whose solution is given by P (z) = c1x + ¢2, with ¢; and ¢y arbitrary constant. Using the initial conditions

given by Eq.(4.2), we obtain that ¢; = ¢; = 0. Like this, P (z) = 0, which implies u(x,t) = 0 trivial solution.
Case 2: & = —pu?.

Substituting ¢ = —u? into Eq.(4.7), we get
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whose solution is given by P (z) = cgsin (ux) + ¢1 cos (ux), with ¢; and ¢y arbitrary constant. Using the
initial conditions Eq.(4.2), we obtain ¢; = 0 and 0 = ¢y sin (uz) which implies that p = 2%, with n =1,2,.

Then, we obtain
P, (z) = aysin (?) and pu = %
Case 3: £ = p°.
Substituting ¢ = p? into Eq.(4.7), we get

d2

LP (@)~ P (1) =0

whose solution is given by P (z) = ¢1 e"* + ¢y e #* = Acosh (ux) + Bsinh (uz), with ¢1, ¢, A, B arbitrary
constant. Using the boundary conditions Eq.(4.2), we have A = 0 and 0 = Bsinh (uz). As A = —u? < 0 and
AL # 0 then sinh (pz) # 0. Like this, we get B = 0 and then P, (z) = 0, which implies u(z,t) = 0, trivial
solution.

Therefore, the solution of Eq.(4.7) is given by
P, (z) = ay sin (H> andy = % (4.9)
Using the Eq.( 4.3) and Eq.(4.4), we have
nm\2 k
Qu(t) =buexp (-T(B+1) (F) 7). (4.10)

where b,, are constant coefficients.

So, using the Eq.(4.9) and Eq.(4.10), the partial solutions of Eq.(4.1), is given by

t) = icn sin (?) exp ( rp+1) ( 7 )2 km)
n=1
Using Eq.(4.2), we get

u(x,0) ch sin (mm;)

Cp = i/oLf(:c)sin (%) dx.

So, we conclude that the solution of M-fractional heat equation Eq.(4.1), satisfying the conditions Eq.(4.2),

which provides ¢, through

is given by

ug (x,t):isin (?) exp( ([5+1)(L ta)< / f(z sin ””)dx>. (4.11)

n=1

Taking the limit § — 1 in the last equation and using Eq.(2.2), we have

> nwx nw o L . /nTx
t) = ;sin (T) exp <— (f)z gt ) (i/o f () sin (T) dx) , (4.12)

which is exactly the solution of the fractional heat equation proposed by Cenesiz et al. [14].
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On the other hand, taking the limit 5 — 1 and o — 1, using Eq.(2.2), we recover the solution of heat

equation of integer order.

u(x,t) = isin (%) exp <— (%)2 kt) (i /OL f(x)sin (nLﬂ) dgc) . (4.13)

Next, we will present some plots by choosing values for the parameters 5 and «, to see the behavior of
the solution presented in Eq (2.2). The graphics were plotted using MATLAB 7:10 software (R2010a). For
the elaboration of the following plots, we choose the function f(x) = 50z(1 — x) and for each fixed S, we

vary the o parameter.

FIGURE 1. Analytical solution of the M-fractional heat equation Eq.(4.11). We consider
the values 8 = 0.5, L =1, £k = 0.003 and at time ¢t = 150.

Ca=01
16 —o—a=06| |
=10

u(x.t)

L L L L L L L L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

FIGURE 2. Analytical solution of the M-fractional heat equation Eq.(4.11). We take the
values = 1.0, L =1, k£ = 0.003 and at time t = 150.

a=1.0| ]

u(x,t)
@

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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FIGURE 3. Analytical solution of the M-fractional heat equation Eq.(4.11). We chose the
values = 2.0, L =1, k = 0.003 and at time t = 150.

12

S a=0.1
—O—a=06
a=1.0

u(x,t)
>

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

5. CONCLUDING REMARKS

We introduced a new truncated M-fractional derivative type for a-differentiable functions and conse-
quently its M-fractional integral, we obtained important results with respect to the properties of the integer-
order derivative.

For a class of a-differentiable functions, in the context of fractional derivatives, we conclude that this
truncated M-fractional derivative type proposed here behaves well with respect to the classical properties of
integer-order calculus.

Using the truncated Mittag-Lefler function, it was possible to introduce a truncated M-fractional deriva-
tive type associated with a-differentiable functions and consequently we obtained a very important relation
with the fractional derivatives mentioned in the paper as seen in section 3. We conclude that the presented
results contain as particular cases the derivatives proposed by Khalil et al. [7], Katugampola [8] and Sousa
and Oliveira [9]. In addition, using our truncated M-fractional derivative type we performed and discussed

the analytical solution of the heat equation.
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